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Informal mathematics

Show that for any  
real number ,  a

10a ≤ 28a2 + 1

Chat-GPT

“This statement is false”



Informal mathematics

Flexibility
Control

Show that for any  
  a

10a ≤ 28a2 + 1

“And -1 > 0.29”

Chat-GPT



Formalized mathematics

• Translate mathematics into “code”, grounded in logic


• Verified correctness


• New ways of collaborating, teaching, thinking



Declarative proof



Proof automation

Sledgehammer [Paulson 2010]

- calls out to external provers



Proof automation

Sledgehammer [Paulson 2010]

Theorem complex proof



Neural proof automation

• Train neural network on  
(context, next-step) pairs


• Tree search using next-step 
suggestions

Theorem

E.g. [Yang & Deng 2019, Polu & Sutskever 2020, Han et al 2022]

Languag
e model



Neural proof automation

• Train neural network on  
(context, next-step) pairs


• Tree search using next-step 
candidates

• Limited amount of formal data

• Large search space -> expensive


• Smaller network


• Smaller # of candidates

E.g. [Yang & Deng 2019, Polu & Sutskever 2020, Han et al 2022]



Informal  formal proof automation→

• Cuts down the search space

• Leverages informal data

Languag
e model

Formal  
Proof

Informal  
Proof

???



Challenge 1 : different levels of abstraction

• Solution: translate into proof sketches

Informal Proof Formal ProofSketch



• Solution: translate into proof sketches 

• In-line comments show the alignment 
between the informal and formal proof.

Challenge 1 : different levels of abstraction



Challenge 2 : no parallel data
• Solution: few-shot in-context learning

Input

Output
Input

Output
Input

Output

Test Input Test Output

• Large language model 
(e.g. Codex)



Challenge 2 : few-shot sketching

If gcd  and 
lcm ,  


(n,40) = 10
(n,4) = 280

n
Informal Statement 

Informal Proof 

Formal Statement

Formal 




Draft, sketch, prove

• Human-written proof


• Large language model (Minerva)



Draft, sketch, prove

• Large language model (Codex)



Draft, sketch, prove

• Sledgehammer + heuristics



Proof search with draft, sketch, prove

ProofTheorem

DraftDraftDraftDraftDraftDraftDraft
SketchSketchSketchSketchSketchSketchSketchSketchSketchSketch

ProofProofProofProofProofProof



Experiments | miniF2F [Zheng et al 2022]

• 488 high-school competition problems 
(AMC, AIME, IMO, …)


• 244 validation, 244 test 

• Isabelle proof assistant 

• Baselines:


• Sledgehammer


• THOR with Expert Iteration [Wu et al 2022]



Experiments | miniF2F

• Human informal draft: 1 human draft x 100 sketches/draft


• LLM informal drafts: 100 drafts x 1 sketch / draft


• Prompting:


• Write 20 sketch examples from miniF2F


• Sample 3 examples and put in prompt



Top-level results

15

22

29

35

42

38.9
35.2

20.9

Sledgehammer
Thor with Expert Iteration
Draft, Sketch, Prove

Minerva 540B drafts, 100 sketches



International Math Olympiad  
1959 P.1

Draft  
(Minerva)

Sketch  
(Codex)

Formal Prover 
(Sledgehammer)



Increasing search budget



Ablations



Model vs. human informal draft



Model vs. human informal draft



Conclusion

• Draft informal proofs and sketch formal proofs


• Combines flexibility of language models with formal systems


• Opens many possibilities and questions


• Memorization


• Alternative ways of integrating language models


• Exploration and reinforcement learning



Thank you



Appendix: full results


