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Examples

"Explain quantum computing in
simple terms" -

"Got any creative ideas for a10
year old’s birthday?" -

"How do | make an HTTP request
in Javascript?" -

ChatGPT

%

Capabilities

Remembers what user said
earlier in the conversation

Allows user to provide follow-up
corrections

Trained to decline inappropriate
requests

AN

Limitations

May occasionally generate
incorrect information

May occasionally produce
harmful instructions or biased
content

Limited knowledge of world and
events after 2021

Free Research Preview. ChatGPT may produce inaccurate information about people, places, or facts. ChatGPT May 24 Version

Question: For every a, b, b # a prove that

a? + b2 - (a—l—b)Q.

2 2

Model output:
a? —i—b2 a+b 2
2 > ( 2 )

2 2 2 2
— a“+b a“+b“+2ab
2 > 4

2 2

> 2a® + 2b* > a® + b° + 2ab
<= a® +b* > 2ab

= a’ +b>—2ab>0

< (a—b)* >0

which i1s true, because the square of a real
number 1s positive.

Minerva Language Model
2022 Poland National Math Exam

[Lewkowycz et al 2022]



Free-form Formal
conversation theorem
Oroving

- K j
“ |
| 0
| *
| .
| 3
| *
| *
| .
o* .

| *
| .
| *
| .
| 3

" |

* ..

Informal Formal



Show that for any Chat-GPT

real number a, .
10a < 28a? + 1

Informal Formal



@ This statement is false for some values of “a".

Chat-GPT

“This statement is false”



This statement is false for some values of “a".

Chat-GPT

For example, if "a = -0.17, then:

10a = -1

28a"2 +1=28(-01N)*2+1=28*0.01+1=0.29

“And _“ > 0.29” And -1 > 0.29°, which contradicts the inequality.




Hard to
evaluate

\Informal Formal




Interactive (formal) theorem proving

1+1=2

Formal



proof -
have "1 + 1 = Suc (0 + 1)" by simp
".us = Suc 1" by simp
. = 2" by simp

also have




gpt-f

Generative Language Modeling for Automated
Theorem Proving

Stanislas Polu Ilya Sutskever
OpenAl OpenAl

spolu@openai.com ilyasu@openai.com



O metamath / set.mm

Code Issues 76 Pull requests 3 Actions Projects 2 Security

Shortening of various proofs based on OpenAl's provers

¥~ Merged

L) Conversation 12

spolu

NoO revi¢
This PR proposes various shorter versions of proofs discovered by automated reasoning

models developed at OpenAl.




gpt-f

O metamath / set.mm

Code Issues 76 Pull requests 3 Actions Projects 2 Security

“I had a look at the proofs—very impressive results! Especially because we
had a global minimization recently, and your method found much shorter proots A\ RSEeTE\V=IE
nevertheless.”

LJ) Conversation 12

“Any ML-based system 1s impressive if it can find many shorter proofs than the
ones we already have. Nice work.”

spolu

This PR propé

models developed at OpenAl.

“The shorter proof is easier to translate. It’s more symmetric in that it treats A
and B 1dentically. It’s philosophically more concise in that it doesn’t rely on the
existence of a universal class of all sets.”
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Application 1: mathematics

e [ ean Mathlib

e 1+ million lines of code —\ /\
e > 300 contributors \/ :
Community

* Algebra, Linear Algebra, Topology,
Analysis, Probability, Geometry,
Combinatorics, ...


https://www.nationalacademies.org/event/06-12-2023/ai-to-assist-mathematical-reasoning-a-workshop

Application 1: mathematics

Discrete
mathematics

* Liquid tensor experiment Chrdnals e - Topology

Category
theory

Mathematicians welcome
computer-assisted proofin‘grand
unification’ theory

Proof-assistant software handles an abstract concept at the cutting edge of research,
revealing a bigger role for software in mathematics.

Functional

Linear analysis

algebra

Davide Castelvecchi

Algebra



Application 1: mathematics

e Education

 Courses at CMU, Imperial College London,
Fordham, JHU, Université Paris-Saclay, ...


https://leanprover-community.github.io/courses.html

\Vlachine learning potential

« Mathematician Adam Topaz:
« “Al Collaborator” ... "It can be useful even If it’'s not too smart” 1
 Automate tedious proofs

* Retrieve definitions/theorems (e.g. h1.trans h2)


https://www.nationalacademies.org/event/06-12-2023/ai-to-assist-mathematical-reasoning-a-workshop

Application 2: software verification

e Specification
 E.Q. “reverse(reverse(list)) == list”

* Proof: code satisfies specification



Application 2: software verification

Specification

 E.Q. “reverse(reverse(list)) == list”
Proof: code satisfies specification
Safety-critical applications

Certified compilers, low-level systems software

Defense Advanced Research Projects Agency Our Research > Proof Engineering, Adaptation, R
CO m pce rt Proof Engineering, Adaptation, Repair, and
Beciaty. Parbemance. Frook Learning for Software (PEARLS)



\Vlachine learning potential

 Make proof assistants easier to use
* Boilerplate, tedious proofs [1]

* Proof re-use, repair, automation [1,2]

In the end, out of a total of around 550 lemmas, approximately 400 were tedious
“infrastructure” lemmas; only the remainder had direct relevance to the meta-theory


https://www.nationalacademies.org/event/06-12-2023/ai-to-assist-mathematical-reasoning-a-workshop
https://europroofnet.github.io/_pages/WG4/Sep22/ringer.pdf

MVIL 1: reasoning

* Jests aspects of reasoning

1 | Planning
nternational D) o
Mathematical attern reCOgﬂltlon
Olympiad ( /') Background knowledge
2020 Problem 2 > BHthraCklﬂg
i abedeRZwitha>b>2>c>2d>0mda+b4c+d=1. Creatlvrty

(a+ 2b+ 3¢+ 4d)abccd® < 1. COmDUtathn



VIL 1: reasoning

* Tests aspects of reasoning  complex A
e Verifiable, yet complex Formal
Theorem
Proving
Simple

Easy to verify Hard to verify



VIL 1: reasoning

A

* Tests aspects of reasoning  complex Most GPT-4
. era tasks
e Verifiable, yet complex Formal
Theorem
Proving
Simo| traditional
MPIE | NLP tasks

Easy to verify Hard to verity



VIL 1: reasoning

A

* Tests aspects of reasoning  complex Most GPT-4
e task
» Verifiable, yet complex Formal Sra TEsKs
o | Theorem
o Difficult in GPT-4 era Proving
Simo| traditional
MPIE I NLP tasks

Easy to verify Hard to verity



VIL 2: code generation

e | ow-resource

Python | ean



ML 2: code generation

e | ow-resource

* | ong-range, context-dependent

theorem norm_iteratedFDeriv_clm_apply {f
(hf : ContDiff k N f) (hg : ContDiff k N g) (x : E) (hn :

#alicn norm_: terated fderi_c'.m_apply

theo) 2m rurm_iterate \FDeri W: thin_c .m_apply. 0isc w1

theorem norm_iteratedFDeriv_clm_apply_const {f

master

Blame

|[iteratedFDeriv k n (fun y

t(n.choose i) x ||iteratedFDeriv k i f x|| * ||it
simp only [~ iteratedFDerivWithin_univ]

mathlib4 / Mathlib / Analysis / Calculus / ContDiff.lean

: E - F LIkl G} {g :

: E= (fy) (gy)) x|| =) i in Finset

: N}

.range (n + 1),
atedFDeriv k (n - i) g x| :

v/

exact norm_iteratedFDerivWithin_clm_apply hf.contDiffOn hg.contDiffOn uniqueDiffOn_univ

(Set.mem_univ x) hn

Vo B Ve b Nae?
[[iteratedFDecivWithin k n (fun y :
|lc]| * ||[iteratedFDerivWithin k n f s x| :

let g : (F -L[k] G} -L[k] G :
have h

by

rw [« g.iteratedFD¢ rivWith’a_com _left h h
refine' h.trans (m L_le_mu of_nenrzg_ri ht
refine' g.op_norm_‘c_vuuid (

hx t1] at h

W_NOliicy _s wun f => _
rw [ContinuousLinearMap.apply_apply, mul_comm]
exact f.le_op_norm c

(hf : ContDiff k N f) (hn : tn = N) :
|[iteratedFDeriv k n (fun y :

exact norm_iteratedFDerivWithin_clm_apply_const hf.contDiffOn uniqueDiffOn_univ

(Set.mem_univ x) hn

#align norm_iterated_fderiv_clm_apply_const norm_iteratedFDeriv_clm_apply_const

orm_. teratedFDeriv_cln apply
.E-F
: UniqueDi “9n

tE=> (fy)c)sx|s

:= ContinuousLinearMap.apply *»
g.norm_cc npContinur<MultilinearMap ' (iterat«AdFDeri Within k n f s x)

_ (nc m_nonnc g _

: E~ F oLkl G} {c :

set £} (x :
w?’ KB N

#align norm_iterated_fderiv_within_clm_apply_const norm_iteratedFDerivWithin_clm_apply_const

: E=> (fy)c) x| =|c| * |iteratedFDeriv k n f x| := by
simp only [~ iteratedFDerivWithin_univ]

: N} {n : N

}

Discrete
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ML 2: code generation

Cardinals

Discrete

® LOW_ reSO U rCe mathematics"

Blame N el
theorem norm_iteratedFDeriv_clm_apply {f : E » F -L[k] G} {g : E » F} {N : Nw} {n : N}
(hf : ContDiff k N f) (hg : ContDiff k N g) (x : E) (hn : tn = N)
[[iteratedFDeriv k n (fun y : E => (f y) (g y)) x| =} i in Finset.range (n + 1), X
t(n.choose i) * |iteratedFDeriv k i f x| * |iteratedFDeriv k (n - i) g x| := by e
simp only [« iteratedFDerivWithin_univ] ®
‘ exact norm_iteratedFDerivWithin_clm_apply hf.contDiffOn hg.contDiffOn uniqueDiffOn_univ A
_— — (Set.mem_univ x) hn o 0.:.
, #ali n orm_.-erated rderi_c .m_apyly orm_ teratedFDeriv_cln apply - .. a8
b |
theol 2m rurm_iterate \FDeri W: thin_c .m_apply. coisc w1 « E » F L[ 1 G} { : f; {s  set c} : Ly is
AN SN NB (R ACon 4 i0n ik N7 45) (he [t UniqueDi FOmy. <Y (hx & x\Cs) R tn = 1) : s ® g
[[iteratedFDecivWithin k n (fun y : E => (f y) c) s x| = r
|lc]] * ||iteratedFDerivWithin k n f s x| := by %
let g : (F -L[k] G} -L[k] G ContinuousLinearMap.apply * G ¢ r
have h g.norm_cc npContinur<MultilinearMap ' (iterat«AdFDeri Within k n f s x) _cvbr
rw [« g.iteratedFD¢ rivWith:a_com, _left b h hx 1] at h ‘;}‘

refine' h.trans (m L_le_mu of_nenrzg_ri ht (nc “m_nonnc g

| |
£ R o,
. refine' g.op_norm_‘c_vuund (e u_NOlcy _; wun f => _ ;_,w
rw [ContinuousLinearMap.apply_apply, mul_comm] ° o%l
exact f.le_op_norm c ) o R

#align norm_iterated_fderiv_within_clm_apply_const norm_iteratedFDerivWithin_clm_apply_const

ocl

Functional

theorem norm_iteratedFDeriv_clm_apply_const {f : E » F -L[k] G} {c : F} {x : E} {N : No} {n : N} >
(hf : ContDiff k N f) (hn : tn = N) : o° o 5

literatedFDeriv k n (fun y : E => (f y) c) x| = [lc|l * |iteratedFDeriv k n x| := by Linea r &8 i a nalYSIS

simp only [~ iteratedFDerivWithin_univ]

)

exact norm_iteratedFDerivWithin_clm_apply_const hf.contDiffOn uniqueDiffOn_univ ;"q, ; % L4

q o5 ©

(Set.mem_univ x) hn a l ebra gu ‘:-,, . .ggos
#align norm_iterated_fderiv_clm_apply_const norm_iteratedFDeriv_clm_apply_const ¢ ® }-,"a"‘,_.. L

TR Algebra




This tutorial

* Part |: next-step prediction  Part ll: language cascades
 |anguage model suggests  Compose language model
next-proof-steps functions
e Jree search o Sketching, correction, tools

r N i
@< L

Tutorial code: https://github.com/wellecks/ntptutorial



https://github.com/wellecks/ntptutorial

Next-step prediction

* Build a “co-pilot” from scratch

v lImstep suggestions
e :V(a:rZ), a+3=0-a=-3:=01h

i Try this:
intro a ha 'ry thi

>
— yi
Llmstep '|' ' E V/N
THEOREM PROVER

PrOOf S-ta-te e rw [« Int.negSucc_coe] at ha

Next-step suggestions



: Monotone f =¥ n, fnsfHf

v Examples.lean:43:2

¥ Tactic state

Monotone f = ¥V (n : N), fn<f (n + 1)

» All Messages (2)




Topic Notebook

0. Intro note
1. Data

2. Learning
3. Proof Search

4. Evaluation

/ 5. llmsuggest

Tutorial code: https://github.com/wellecks/ntptutorial



https://github.com/wellecks/ntptutorial

0. Problem setup

* Proof: sequence of (state, step)

o (X0, V0)s -5 (X5 V)5 « o (X7, Y7)



0. Problem setup

example : R€ S-S cT->RcT := by

* Proof: sequence of (state, step) v Tactic state
1 goal ]
a: Type %@@EMVP@/OVN
o (X0, Y0)s - (X5 Vs oo (X, V) RST: Set o

~FRE€S->ScT->RCT

+ X, : proof state | 1VI\

Microsoft Research



0. Problem setup

example : R€ S->ScT->RcT:i=Dhy

¥ Tactic state

a: Type THEOREM PROVER
RST: Set « |

* Proof: sequence of (state, step)

o (X0, V0)s -5 (X5 V)5 « o (X7, Y7)

-~ R&€S->ScT->RcT

example : R€ S-S cT->REcT := by

+ X, : proof state | v\

Microsoft Research

intro h: h2

* y,: proof step /

o



0. Problem setup

example : R€ S-S c€T->RCcT := by

¥ Tactic state

a: Type

THEOREM PROVER
RST: Set « crosft Resea

* Proof: sequence of (state, step)

(X05 Y0)s -+ > (X5 V)5 « - - (X7, V)
= proof state | v\

THEOREM PROVER

-~ R&€S->ScT->RcT

ample : R€S->ScT->RcT := by

1tro ha hz‘

o yt prOOf Step / Vv Tactic state

RST: Set «a THEOREM PROVER
hi1: Rc S |

h2: Sc T
—~ Rc T




0. Problem setup

example : R€S->5cT->RcT := Dby

* Proof: sequence of (state, step) v Tactic state

1 goal T
o (X0, V0)s -5 (X5 V)5 « o (X7, Y7) RsT set o

- R€ S-S cT-RcT

| ACIro 1 2

Microsoft Research

o yt prOOf Step / Vv Tactic state

Ny RST: Set « THEOREM PROVER
/'"\ \/— h - R (- S Microsoft Research
‘/ h2: ScT
-~ RcT
example : R€S->5cT->RcT:=Dby
intro ha h2
exact hi.trans hzl

» X7 :"proof complete




0. Problem setup

¥ Tactic state

1 goal

a: Type
RST: Set «
~FR€S->ScT->RcT

¢ Language mOdel < example : R€ S-S ¢cT->RcT := by

intro ha h2
° pe(yt ‘ xt)




0. Problem setup

¥ Tactic state
1 goal

a: Type
RST: Set a

 |Language model: < example :

RcS

intro ha hz‘

- SCcT->RCT:=hy

* pe(yt‘xt) <
* [ree search to generate full proof

3

THEOREM PRO

t Research J

VER




1. Data

o Extract (proofstate, next-step) pairs
from human-written proofs

1 -
R vﬂ\ . D =1{(x
i ‘ THEOREM PROVER { ( P yt) }




Data

Elaboration Postprocess

: [{'node': {'args': [...], mn : N
example : R€S S-S T-RECT := by 'info': 'none', h

. : Nat.coprime m n
intro hl h2 'kind': 'Lean.Parser.Command.declModifiers'}}, - Nat.qed m n = 1
exact hl.trans h2 {'node': {'args's [...], -g

'info': 'none'’, ——= Tl ==
'kind': 'Lean.Parser.Command.theorem'}}], rw [Nat.coprime] at h
'none’,

'Lean.Parser.Command.declaration'} R ¥ J—

mn : N

h : Nat.gcd m n =
H Nat.gcd m n = 1
——— yz ———

exact h




Data

e |ean DoOjoO [vang et al 2023]

URL = "https://github.com/leanprover-community/mathlib4"

-t COMMIT = "5a919533f110b7d706410134a237ee374f24eaaad"
e repository — {(x,,y,)} "epo = LeanGitRepo(URL, COMMIT)

traced_repo = trace(repo)

 Dependencies, multiple files,
versioning



Data

Mathlib:
* 41,944 theorems + proofs

=> training data

train 169530
val 4053
test 30006



Data

Mathllb' Number of non-empty training proofs: 41944

{'commit': '5a919533f110b7d76410134a237ee374f24eaaad’,
'end': [308, 761,
'file_path': 'Mathlib/Analysis/BoxIntegral/Box/Basic.lean’,

) 4'1 ,944 theOremS _|_ prOofS ::Ecl;.h??m?;&'B<1)>]<Integra1.Box.withBotCoe_inj',
'traced_tactics': [{'state_after': 'no goals',

L, 'state_before': 't : Type u_1\n'

=> training data o Box

'T J : WithBot (Box 1)\n'

train 169530 =l =1)e1=J",
'tactic': 'simp only [Subset.antisymm_iff, « '
vVa -l. 4@53 'le_antisymm_iff, withBotCoe_subset_iff]'}],

'url': 'https://github.com/leanprover—-community/mathlib4"'}
test 3606 PeEr0 i ’



2. Learning

» Standard supervised fine-tuningon D = {(x,,y,) }:

max Y~ logpyly )
° 0
(x,y)ED



2. Learning

Input:

[GOAL]I1 : Type u_1l

I+ J+ @ Box 1

Xy ::1-R

I J : WithBot (Box 1)

- tI = tJ « I = J[PROOFSTEP]

Output:
simp only [Subset.antisymm_iff, <« le_antisymm_iff, withBotCoe_subset_iffl<|endoftext|>



2. Learning

https://huggingface.co/wellecks/limstep-mathlib4-pythia2.8b

import transformers

MODEL = 'wellecks/llmstep—-mathlib4-pythia2.8b"
model = transformers.GPTNeoXForCausalLM. from_pretrained (MODEL)
tokenizer = transformers.GPTNeoXTokenizerFast.from_pretrained(MODEL)

prompt - Hnnn [GOAL]m n - N
h : Nat.coprime m n
— Nat-ng m N = 1[PROOFSTEP]"""

input_ids = tokenizer.encode(prompt, return_tensors='pt')

out = model.generate(input_ids)

text = tokenizer.decode(out[@] [input_ids.shapell]:], skip_special_tokens=True)
print(text)

rw [« h.gcd_eq_one]


https://huggingface.co/wellecks/llmstep-mathlib4-pythia2.8b

3. Prootf search

» Use next-step predictor p,(y, | x,) to generate a full proof y,, ..., yy
* We neeaq:
* Interaction with Lean

e Algorithm for search



Interaction | pylean

A

~

Lean code

\____/

| lean = |
 state = lean.run_code(code) i

pylean

LeanServer()

-

=

Proof state x,
Error messages

~




Interaction | pylean

# Generate a next step
prompt = f"[GOAL]{get_goal(state)} [PROOFSTEP]"

next_step = generate(prompt)
print(next_step)

rw [« h.gcd_eq_onel

Finally, we can give the generated next step to Lean and receive the next state.

Code — mninl
import Mathlib.Data.Nat.Prime

theorem test_thm (m n : Nat) (h : m.coprime n) : m.gcd n = 1 := by
"+ next_step

lean = LeanServer()

state = lean.run_code(code)

lean.proc.close()

pprint(state)

{'env': @, 'messages': [], 'sorries': []}



Interaction | Lean Dojo

| ean Dojo
* [races entire Lean repository

e Provides abstractions for interaction



Best-first search

type—-checked candidates:

(-0.066) rintro rfl
(-0.307) rintro (rfl, rfl)
(-0.035) intro h

(-0.230) rintro (d, rfl)




Best-first search

type—-checked candidates:
(-0.066) rintro rfl
'<(—0.3®7) rintro (rfl, rfl)
(-0.035) intro h
(-0.230) rintro (d, rfl)

)
— 2,102 py1%)
[

“value function”



Best-first search

type—-checked candidates:

(-0.066) rintro rfl (-0.172) apply le of_add_le add_right
(-0.307) rintro (l"fl, rfl)/ (-0.093) rw [« h]

(-0.035) intro h (-0.453) cases C

(-0.230) rintro (d, rfl)

L
E Z log py(y, | x,)
f

“value function”



Best-first search

(-0.066) rintro rfl

(-0.307) rintro (rfl, rfl)
'<( —0.035) intro h

(-0. 230) rintro (d, rfl)

1

— 2 Jog JCAEA

[



Best-first search

(-0.109) apply Nat.le_add_right &5

/(—0.173) exact Nat.le_add_right _ _ ﬁg/ﬁf

.066) rintro rfl

.307) rintro (rfl, rfl)
0

2

.035) intro h
.230) rintro (d, rfl)

1

E Z log pé’(yt | Xt)
4



Best-first search

proofsearch.best _first_search(
model, tokenizer, header, theorem_statement,
max_1iters=32,
num_samp les=4,

e mm o m A

Search

temperatures=[0.0],
verbose=True

3. Proof Search

https://github.com/wellecks/ntptutorial

Trajectories

|

Generated

Proof
SUCCESS'!

theorem thml (a b c : Nat)
rintro rfl
apply Nat.le_add_right

a+b=cCc-as=sc:


https://github.com/wellecks/ntptutorial

4. Evaluation | in-domain

* Held-out theorems from training
distribution

mathlib
train theorems

test



Performance depends on search

e pass rate = f(py, search, budget)

* TJotal compute
* TJotal time




Performance depends on search

e pass rate = f(py, search, budget)

* TJotal compute

e TJotal time




10 minute timeout
100 iteration limit per attempt

 mathlib4 LeanDojo validation set

55
o
8\/ 50
O
et
o
S
7
% 45
al

40

16 beam candidates 32 beam candidates 32 beam candidates

+ 32 sample candidates
(+ 100 iterations)

code: proofsearch_dojo.py



e recent results (Mathlib 3):

Method random novel_premises
tidy 23.8 5.4

GPT-4 28.8 7.5
ReProver (ours) 51.4 26.2

w/o retrieval 47.5 22.9



Fvaluation | out-of-domain

* MiniF2F: 480 competition problems

Problem 1959 IMO Problems/Problem 1
21n + 4

Prove that the fraction v 3 is irreducible for every natural number n.
n T
train O X |
a mathlib
J[eSJ[ . theorem 1imo_1959 pl

(n : N)
(he : @ < n) :

nat.gcd (21xn + 4) (14%n + 3) = 1 :=
begin




Fvaluation | out-of-domain

* MiniF2F: 480 competition problems

50
 Benchmark still challenging
(e.g. olympiad problems) 37.5 Zhao et al 2023
Jiang et al 2023
Wu et al 2022
e | ean [Yang et al 2023]. 26.5% 25 Jiang et al 2022
12.5
0

Timeline of MiniF2F performance
(Isalbelle proof assistant)



ProofNet: undergraduate textbooks

* + informal statements/proofs

theorem exercise 4 5 14 {G : Type*}
[group G] [fintype G]
(hG : card G = 312)

/ 4 (p : N) (P : sylow p G), P.normal

ProofNet: Autoformalizing and Formally Proving Undergraduate Mathematics
Azerbayev, Piotrowski, Schoelkopf, Ayers, Radev, Avigad, arXiv 2023



https://arxiv.org/abs/2302.12433

5. interactive tool | Imstep

* [L]LM proof step suggestions

 Runs on your own device

example : V (a: Z), a+3 =0 - a=-3 := by
intro a ha

\_

| ean tactic

v lImstep suggestions

Try this:

&

e rw [« Int.negSucc_coe] at ha

4 )
Pyvihon server /

J

\_ /




* [L]LM proof step suggestions
 Runs on your own device

o Simplified version:

5. llmsuggest

https://github.com/wellecks/ntptutorial



https://github.com/wellecks/ntptutorial

Summary

» Next-step suggestion py(y, | x,)

» Data, learning, search, “human-machine collaboration”



Part Il language cascades

Verified formal proof

have cl: “1%28 = n*4"”
using assms

Statement

If gcd(n, 4) =1 and
lcm(n, 4) = 28,
show that nis 7.

.....................................................................

-----------------------------------------------------------------------------

-----------------------------------------------------------------------------




Part Il language cascades

Topic Notebook

1. Language model cascades

2. Draft, Sketch, Prove

Tutorial code: https://github.com/wellecks/ntptutorial



https://github.com/wellecks/ntptutorial

| anguage model cascade

Prompted language model implements a function

y ~ po(y|x; P)

- (800+72)%2233




| anguage model cascade

Chain together functions to form a “cascade”
y ~ po(y | x; P)
z=J(y)

=]

- (800+72)%2233 - 1947176




Draft, Sketch, Prove

Given informal theorem X;
formal theorem X



Draft, Sketch, Prove

Given informal theorem X;
Statement >
formal theorem X focd(n, 4y = 1and | | Ve know thet god(a, ) - lem(a, b) = ab
lcm(n, 4) = 28, Thenn=1.28/4=17,
1. Draft Vi ~ p( . ‘XI) show that nis 7. o L

Informal proof



Given informal theorem X; - Formal sketch
Informal proof have cl: #1%28 = n*4~
formal theorem X We know that ged(a, b) - lem(a, b) = ab, using assms
hence 1-28 =n - 4. i
then have c2: “n = 1*28/4
Thenn=1-28/4 =17, s Zf)fééf;m“mi

tttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttttt
----------------------------------------------------------------------------------------------

2. Sketch zp ~ p( - | xp, x5, y;)



Given informal theorem .XI Formal sketch > Verified formal proof
have cl: “1*28 = n*4"” have cl: “1*28 = n*4"”
formal theorem X using assms using assms
............... <proof> by (smt (23) prod_gcd_lem nat)
ey R UTT] R i
1. Drafty, ~ p( - | x)) oo by ae
. .1.:..}.1.;6 I e S
..................... | | T T —

2. Sketch zp ~ p( - | xp, X1 Vy)

“Classical” prover
3. Prove y. = f(x, z) Sledgehammer



FProof search

\
|
\
\




C\/\D International Math Olympiad 1959 P.1

Statement: Prove that the fraction % 1s irreducible for every natural number n.
Informal Proof (Minerva 62B):

We must show that gcd(21n + 4, 14n + 3) = 1.

The Euclidean algorithm gives

2in+4=1-(14n+3)+ Tn+1
14n+3=2-(Tn+1)+ 1.

Since gcd(7n + 1,1) = 1, we have gcd(21n + 4, 14n + 3) = 1.

Formal Proof:

theorem imo 1959 pl:
fixes n :: nat
shows "gcd (21*n + 4) (14%n + 3) = 1"
proof -
(* The Euclidean algorithm gives
21n+4=1\cdot (14n+3) +7n+1
14n+3=2\cdot (Tn+1)+1. *)
have c0: "21+n + 4 = 1x(14*n + 3) + 7+n + 1"
by auto [ATP]
have cl: "14xn + 3 = 2x(7*n + 1) + 1" using c0
by auto [ATP]

(* Since \gcd(7ntl,1)=1, we have \gcd(21n+4, 14nt+3)=1. *)
then have "gcd (7*n + 1) 1 = 1"
using cl
by auto [ATP]
then have "gcd (21*n + 4) (14xn + 3) = 1"
using cl
by (smt (z3) BitM plus_one ab semigroup add class.add ac(l)
add.assoc c0 gcd.commute gcd _add2 gcd add mult mult _numeral 1
numeral_One numeral_eq Suc numerals(l) semiring norm(3)) [ATP]
then show ?thesis
using cl
by blast [ATP]

ged




Scaling proof search

200 -

150 -

—— Human informal proof drafts
—— Minerva (540B) proof drafts
—— Minerva (62B) proof drafts

-
O
=

#Successful Proofs

Minerva (8B) proof drafts
Codex proof drafts
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480 problems



MiniF2F
480 problems

200 -

#Successful Proofs

U1
-

MiniF2F Problems Solved (out of 488)

Ablations

150-

100-

DSP with human proofs
Ablation: no in-line comments
Ablation: no informal proofs

Ablation: no automated provers

20

40 60 30
trajectories sampled

100



Baldur

Proof Generation Model
Training Example

pu

s Input: Output:

) G e n erate y ( 1 ) AV pe( o ‘ x) <THEOREM> Theorerl Statement <PROOF> Ground Truth Proof

. Repair  y¥ ~ py( - |y, x, errors) [J

\ 4
Candidate Proof

Y :
Isabelle ] ! > No
(Proof Assistant) | No error ! example

Error

e [rain repair module on generator’s outputs Y

Error Message

--------------------------

v \ 4
Input_' Output
<THEOREM> Theorem Statement Ground Truth Proof

<INCORRECT PROOF> Candidate Proof

<ERROR> Error Message <PROOF>
.

+

Proof Repair Model
Training Example



Baldur

Model 16 samples 64 samples
Baldur 8b generate 34.8% 40.7%
Baldur 8b generate + repair 36.3%" —
Baldur 8b w/ context 40.9% 47.5%
Baldur 62b w/ context 42.2% 47.9%
Baldur 8b w/ context U Thor — 65.7%

Table 4: Proof rate of different models.
“The repair approach uses half the number of samples, and
then one repair attempt for each sample.



Summary

* Flexible language models

* Chain together in a cascade



(Some) open challenges

e Data
e Context

o Efficiency



Data scarcity

Lean

~200M tokens



Data scarcity

e Option 1: transfer

Lean

~200M tokens

~50B tokens

* Ongoing project: EleutherAl/math-Im




Data scarcity

e Option 2: synthesize

Lean

Synthetic
~200M tokens

fol

* E.g. see Expert lteration [Polu et al ICLR 2023],
Autoformalization [Wu et al Neurips 2022]



Changing code

Code frequency over the history of leanprover-community/mathlib4

Context

Q(y t | xz)

Intermediate definitions/lemmas

master mathlib4 athlib / Analy culus / ContDiff.lean

Blame

theorem norm_iteratedFDeriv_clm_apply {f : E » F »L[k] G} {g : E » F} {N : No} {n : N}
(hf : ContDiff k N f) (hg : ContDiff k N g) (x : E) (hn : tn = N)
|[iteratedFDeriv k n (fun'y : E => (f y) (g y)) x| = ¥ i in Finset.range (n + 1)
t(n.choose i) * |iteratedFDeriv k i f x| * |iteratedFDeriv k (n - i) g x| :
simp only [« iteratedFDerivWithin_univ]
exact norm_iteratedFDerivWithin_clm_apply hf.contDiffOn hg.contDiffOn uniqueDiffOn_univ
(Set.mem_univ x) hn
#align norm_iterated_fderiv_clm_apply norm_iteratedFDeriv_clm_apply

rem norm_iteratedFDerivWithin_clm_apply_const {f : E » F »L[k] G} {c : F} {s : Set E} {x : E}
{N : Nw} {n : N} (hf : ContDiffOn k N f s) (hs : UniqueDiffOn k s) (hx : x € s) (hn : tn = N)
|[iteratedFDerivWithin k n (fun'y : E => (f y) c) s x| =
|lc|l * ||iteratedFDerivWithin k n f s x| := by

let g : (F »L[k] G) -L[k] G := ContinuousLinearMap.apply k G c

have h := g.norm_compContinuousMultilinearMap_le (iteratedFDerivWithin k n f s x)

rw [« g.iteratedFDerivWithin_comp_left hf hs hx hn] at h

refine' h.trans (mul_le_mul_of_nonneg_right _ (norm_nonneg _))

refine' g.op_norm_le_bound (norm_nonneg _) fun f => _

rw [ContinuousLinearMap.apply_apply, mul_comm]

exact f.le_op_norm c

#align norm_iterated_fderiv_within_clm_apply_const norm_iteratedFDerivWithin_clm_apply_const

theorem norm_iteratedFDeriv_clm_apply_const {f : E » F »L[k] G} {c : F} {x : E} {N : Nw} {n : N}
(hf : ContDiff k N f) (hn : tn =< N)
|[iteratedFDeriv k n (fun y : E => (f y) c) x| = [|c|| * [|iteratedFDeriv k n f x| := by
simp only [« iteratedFDerivWithin_univ]
exact norm_iteratedFDerivWithin_clm_apply_const hf.contDiffOn uniqueDiffOn_univ
(Set.mem_univ x) hn
#align norm_iterated_fderiv_clm_apply_const norm_iteratedFDeriv_clm_apply_const

Cardinals
Topology

Discrete
mathematics

Category
theory

Functional

Linear analysis

algebra
Algebra



e Real users:

* run on own device (e.g. laptop)

* |Large inference costs

Pass rate (%)

55

o)
o

i
(&)

40

=fficiency

3 minutes

10 minutes

10 minutes
+ 32 samples
+ 100 iterations

200 1

=
-
o

#Successful Proofs

Ul
o

150

Minerva (540B) proof drafts
Minerva (62B) proof drafts
Minerva (8B) proof drafts
Codex proof drafts

Human informal proof drafts

20

40 60 80
# trajectories sampled

100



1 hank you

Tutorial code: https.//github.com/wellecks/ntptutorial

Topic Notebook Topic Notebook

O. Intro bool 1. Language model cascades notel

1. Data 2. Draft, Sketch, Prove

2. Learning
3. Proof Search
4. Evaluation

5. 1lmsuggest

Carnegie

%“ﬁil,‘g‘;sﬁy Incoming Assistant Professor, Jan. 2024
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